Abstract. We show that every topological k-graph constructed from a locally compact Hausdorff space Ω and a family of pairwise commuting local homeomorphisms on Ω satisfying a uniform boundedness condition on the cardinalities of inverse images may be realized as a semigroup crossed product in the sense of Larsen.
Introduction
In [4] , Cuntz constructed the crossed product of a C * -algebra A by an endomorphism α as a corner in an ordinary group crossed product. Since that time, there have been many efforts (see [14, 18] , for example) to develop a theory of crossed products of C * -algebras by single endomorphisms as well as by semigroups of endomorphism. In [5] , Exel proposed a new definition for the crossed product of A by α that depends not only on the pair (A, α) but also on the choice of a transfer operator (i.e., a positive continuous linear map L : A → A satisfying L(α(a)b) = aL(b)). Exel shows that the Cuntz-Krieger algebra of a given {0, 1}-matrix may be realized as the crossed product arising from the associated Markov sub-shift and a naturally defined transfer operator.
Extending Exel's construction to non-unital C * -algebras, Brownlowe, Raeburn, and Vittadello in [2] model directed graph C * -algebras as crossed products. In particular, they show that if E is a locally finite directed graph with no sources, then C * (E) ∼ = C 0 (E ∞ ) ⋊ α,L N where E ∞ is the infinite-path space of E and α is the shift map on E ∞ . In another extension of Exel's construction, Larsen (in [13] ) develops a theory of crossed products associated to dynamical systems (A, S, α, L) where A is a (not necessarily unital) C * -algebra, S is an abelian semigroup with identity, α is an action of S by endomorphisms, L is an action of S by transfer operators, and for all s ∈ S, the maps α s , L s are extendible to M(A) in an appropriate sense.
Given a locally compact Hausdorff space Ω and a family {T i } k i=1 of pairwise-commuting local homeomorphisms of Ω, Yeend [20] described the construction of an associated topological k-graph (Λ(Ω,
Motivated in part by the ideas in [2] described above, we show that if Λ = (Λ(Ω,
) is the topological k-graph constructed from the data (Ω,
), then C * (Λ) has a crossed product structure in the sense of Larsen in [13] .
Given a general topological k-graph, it is not always the case than an associated graph C * -algebra may be constructed. We show that Λ is compactly aligned, a condition that ensures C * (Λ) exists. This generalizes a result of Willis in [19] in which she essentially shows that the result holds when k = 2, Ω is compact, and the maps T 1 , T 2 * -commute. In [3] , the authors show that when Λ is a compactly aligned topological k-graph, the C * -algebra C * (Λ) constructed from the boundary path groupoid is isomorphic to the Cuntz-Pimsner algebra N O X Λ where X Λ is the topological k-graph correspondence associated to Λ. We show that the product system X Lar associated to the dynamical system (in the sense of Larsen) arising from the data (Ω,
) is isomorphic to the topological k-graph correspondence X Λ so that the associated Cuntz-Pimsner algebras are isomorphic.
To show that N O X is isomorphic to the Larsen crossed product, we show that certain notions of covariance agree for representations of the product systems X Λ and X Lar . Our isomorphism result then follows from the universal properties of the associated C * -algebras. Brownlowe has shown in [1] that the C * -algebra of a finitely-aligned discrete k-graph has a crossed product structure. He has suggested that the Cuntz-Nica-Pimsner algebra N O X should be used to define a general crossed product by a quasi-lattice ordered semigroup of partial endomorphisms and partially-defined transfer operators. The fact that, in our setting, N O X is isomorphic to the Larsen crossed product supports his proposal.
The paper is organized as follows: We begin with some preliminaries in Section 2. We state some necessary definitions about product systems of C * -correspondences, various notions of Cuntz-Pimsner covariance appearing in the literature, and the C * -algebras that are universal for such representations. We review several definitions about the topological k-graphs and the dynamical systems described by Larsen in [13] , as well as the C * -algebras associated to each of these constructions. In Section 3, we define what we mean by topological dynamical system and describe a uniform boundedness condition that is key to our results. We describe Yeend's construction of a topological k-graph from a topological dynamical system and show that this topological k-graph is always compactly aligned (in the sense of [20, Definition 2.3] ). We then show how an Exel-Larsen system may be associated to a topological dynamical system satisfying our uniform boundedness condition.
In Section 4, we define two product systems over N k of C * -correspondences: the topological k-graph correspondence X Λ and the product system X Lar associated to the Exel-Larsen system, and show that the two product systems are isomorphic. Finally, in Section 5, we show that the C * -algebras associated to the topological k-graph and the Exel-Larsen system arising from a given topological dynamical system are isomorphic.
Preliminaries

2.1.
Product systems of C * -correspondences. In this subsection, we give some key definitions for product systems of C * -correspondences, many of which may be found in [17, Section 2] . For more details on right-Hilbert C * -modules and C * -correspondences, we refer the reader to [12, 16] .
Given a C * -algebra A and a countable semigroup S with identity e, a product system over S of A-correspondences is a semigroup X equipped with a semigroup homomorphism p : X → S such that X s := p −1 (s) is an A-correspondence for each s ∈ S, X e = A (viewed as an A-correspondence), the multiplication in X implements isomorphisms β s,t : X s ⊗ A X t → X st for s, t ∈ S\{0}, and multiplication in X by elements of X e = A induces maps β s,e : X s ⊗ A X e → X s and β e,s : X e ⊗ A X s → X s . For each s ∈ S, β s,e is an isomorphism by [16, Corollary 2.7 ].
For each s ∈ S and ξ, η ∈ X s , the operator Θ ξ,η : X s → X s defined by Θ ξ,η (ζ) := ξ · η, ζ A is adjointable with Θ Given s, t ∈ S with s = e, we have a homomorphism ι
Via the identification of K(X e ) with A, there is also a homomorphism ι s e : K(X e ) → L(X s ) given by ι s e = φ s , where φ s is the homomorphism of A to L(X s ) implementing the left action.
2.2.
Representations of product systems and associated C * -algebras. Given a product system X over S of A-correspondences, a (Toeplitz) representation of X in a C * -algebra B is a map ψ : X → B such that (i) For each s ∈ S, the pair (ψ s , ψ e ) := (ψ| Xs , ψ| Xe ) is a Toeplitz representation of X s in the sense that ψ s : X s → B is linear and ψ e : A → B is a homomorphism satisfying
for ξ, η ∈ X s , a ∈ A, and (ii) ψ(ξη) = ψ(ξ)ψ(η), for ξ, η ∈ X.
For each s ∈ S, there is a homomorphism
We say that a representation ψ : X → B is Cuntz-Pimsner covariant if for each s ∈ S the (Toeplitz) representation (ψ s , ψ e ) is Cuntz-Pimsner covariant, that is
where φ s : A → L(X s ) is the homomorphism giving the left action of A on X s .
Remark 2.1. Different definitions exist in the literature for CuntzPimsner covariant representations. The one used above is sometimes referred to as the "Katsura convention" and differs from the definition in [8] where (CP-K) is instead required to hold for a ∈ φ −1 (K(X)). The two definitions coincide when the left action on each fibre is injective. Definition 2.2. For a product system X the Cuntz-Pimsner algebra O X is the universal C * -algebra generated by a representation j F ow :
Definition 2.3. The relative Cuntz-Pimsner algebra O(X, K) is the universal C * -algebra generated by a representation
A quasi-lattice ordered group (G, P ) is a discrete group G and a subsemigroup P such that: P ∩ P −1 = {e}, and any two elements p, q ∈ G that have a common upper bound in P have a least upper bound p ∨ q ∈ P under the order p ≤ q ⇐⇒ p −1 q ∈ P .
Definition 2.4. Given a quasi-lattice ordered group and a product system X over P of A-correspondences, we say that X is compactly aligned if whenever p ∨ q < ∞, the map ι
In [17] , Sims and Yeend introduced a new notion of Cuntz-Pimsner covariance for compactly aligned product systems. In order to define their notion of Cuntz-Pimsner covariance, we need to consider the space X which serves as a sort of "boundary" of X (see [17, Remark 3.10] ).
Given a quasi-lattice ordered group (G, P ) and a product system X over P of A-correspondences, define I e = A and for p ∈ P \ {e} define I p = e<r≤p ker(φ r ). Note that I p is an ideal of A. For q ∈ P , define
. Let (G, P ) be a quasi-lattice ordered group and let X be a compactly aligned product system over P of A-correspondences such that φ q is injective for each q ∈ P . A (Toeplitz) representation ψ : X → B of X in a C * -algebra B is said to be Cuntz-Pimsner covariant if for every finite F ⊂ P, and every choice
See [17, Definition 3.8] for the definition of for large s. If ψ : X → B satisfies both (CP-SY) and (N), then ψ is said to be CNP-covariant or Cuntz-Nica-Pimsner covariant.
Definition 2.5. The Cuntz-Nica-Pimsner algebra N O X is the universal C * -algebra generated by a CNP-covariant representation j CN P : (1) We identify Λ 0 with the vertex space Obj(Λ). For more details about topological k-graphs, see [20] .
Topological k-graphs and their
Given a compactly aligned topological k-graph Λ, the topological k-graph C * -algebra C * (Λ) is the full groupoid C * -algebra C * (G Λ ) of the boundary path groupoid G Λ defined in [21, Definition 4.1] . It is shown in [3, Theorem 5.20 ] that C * (Λ) is isomorphic to the CuntzNica-Pimsner algebra N O X Λ associated to the topological k-graph correspondence X Λ (for details of the construction of X Λ , see [17] for example), where N O X Λ is the universal C * -algebra generated by a CNP-covariant representation j CN P :
2.4. Exel-Larsen systems and their relative Cuntz-Pimsner algebras. Let A be a (not necessarily unital) C * -algebra, S an abelian semigroup with identity e. Let α : S → End(A) be an action such that each α s is extendible, meaning that it extends uniquely to an endomorphism α s of M(A) such that
for some (and hence every) approximate unit (u λ ) in A and all s ∈ S. Finally, let L be an action of S by continuous, linear, positive maps
We call the quadruple (A, S, α, L) an Exel-Larsen system. Given an Exel-Larsen system (A, S, α, L) there is an associated product system over S of A-correspondences which we will denote X Lar (for details of the general construction, see [13] ). The Larsen crossed product A ⋊ α,L S is the relative Cuntz-Pimsner algebra of X Lar and K = {K s } s∈S where
) and associated constructions
consisting of a locally compact Hausdorff space Ω and pairwise commuting local homeomorphisms
. is a local homeomorphism. Definition 3.2. Let X and Y be sets. A function f : X → Y has uniformly bounded cardinality on inverse images if there exists N ∈ N such that sup y∈Y |{x ∈ X : f (x) = y}| ≤ N. The number N is called the uniform bound on the cardinality of the inverse image of f .
We say that a topological dynamical system (Ω,
) satisfies condition (UBC), then for each m ∈ N k , the local homeomorphism Θ m also has uniformly bounded cardinality on inverse images. (i) Let T denote the unit circle and fix n 0 ∈ N. Define T : T → T by z → z n 0 . Then (T, T ) is a TDS and for m ∈ N, the local homeomorphism Θ m is given by z → z n m 0 . The system (T, T ) has satisfies condition (UBC) since
(ii) Given any n 1 , . . . , n k ∈ N we may define
) is a topological dynamical system and for each m ∈ N k , the local homeomorphism Θ m is given by z → z
(iii) Let A be a finite alphabet and for n ∈ N, let A n denote the space of words of length n. We let A N denote the one-sided infinite sequence space, which is compact by Tychonoff's Theorem. The shift map σ : 
) is bijective. In [9, Theorems 6.6 and 6.7], Hedlund shows that if τ d is a sliding block code associated to a block map that is both progressive and regressive, then τ d is |A| n−1 -to-1 and surjective. Therefore the system (A N , {σ, τ d }) satisfies condition (UBC) whenever the block map d is progressive and regressive. (iv) Let Λ be a row-finite k-graph with no sources such that for each i = 1, . . . , k,
Since Λ is row-finite with no sources, the boundary path space ∂Λ coincides with the infinite path space Λ ∞ (see [ 
) is a topological dynamical system and for m ∈ N k , the local homeomorphism Θ m is given by Θ m (x)(n) = x(n + m) for n ∈ N k . It is straightforward to see that the condition |s 
) with local homeomorphisms Θ m as defined above, we construct a topological k-graph Λ = (Λ(Ω, • The degree map is defined by d(n, x) = n.
Examples 3.4.
(i) Fix n 0 ∈ N. Let (T, T ) be the topological dynamical system described in Example 3.3 (i). The associated topological 1-graph is visualized below.
(ii) For n 1 , n 2 ∈ N, we obtain a topological dynamical system (T, {T 1 , T 2 }) as in Example 3.3 (ii) where T i : T → T is given by T i (z) = z n i . The 1-skeleton of the associated 2-graph is visualized below.
This is a locally-finite k-graph with no sources such that |s
. . , k and every λ. For k = 2, the 1-skeleton of Λ is shown below:
be the topological dynamical system as in Example 3.3 (iv). To visualize the associated topological kgraph Γ, note that, since Λ = Ω k , each x ∈ Λ ∞ is uniquely determined by a point p = r(x) = x(0) ∈ Obj(Λ). So we may regard Λ ∞ as N k . Modifying notation to reflect this gives
), it is important to verify that we may in fact construct the topological k-
In order to establish this, we begin by showing that Λ is proper. We then prove that every proper topological k-graph is compactly aligned. A topological k-graph Λ is said to be compactly aligned if for all p, q ∈ N k and for all compact U ⊂ Λ p and V ⊂ Λ q , the set
This compactly aligned condition ensures that the boundary path groupoid G Λ is a locally compact r-discrete groupoid admitting a Haar system and hence that the associated C * -algebra C * (Λ) may be defined.
Proof. Fix m ∈ N k and let U ⊂ Λ 0 be compact. We want to show that UΛ m is compact. Let C = {C i } i∈I be an open cover of UΛ m . Note that UΛ m = {m} × U so for each i, we have
Since U is compact, there is a finite subset
Then C ′ = {C i } i∈J is a finite subset of C that covers UΛ m . It follows that UΛ m is compact and hence Λ is proper.
To show that Λ = (Λ(Ω,
is compactly aligned, we use the following lemma which is stated without proof in [20, Remark 6.5].
Lemma 3.8. Every proper topological k-graph is compactly aligned.
Proof. Let p, q ∈ N k and let U ⊂ Λ p and V ⊆ Λ q be compact. Since s is continuous, s(U) and s(V ) are both compact. By the assumption that Λ is proper, it follows that s(U)Λ (p∨q)−p and s(V )Λ (p∨q)−q are both compact. Moreover, since Λ * Λ has the relative topology inherited from the product topology on Λ × Λ, the sets U * s(U)Λ (p∨q)−p and V * s(V )Λ (p∨q)−q are compact. Since the composition map is continuous, it follows that theimages of these sets under the composition map, namely UΛ (p∨q)−p and V Λ (p∨q)−q , are compact. Hence
is compact and therefore Λ is compactly aligned.
) be a topological dynamical system. Then the associated topological k-graph Λ = (Λ(Ω,
The Exel-Larsen system associated to (Ω, {T
) that satisfies condition (UBC), we may construct an Exel-Larsen system.
) be a topological dynamical system that satisfies condition (UBC). For m ∈ N k , define α m ∈ End(C 0 (Ω)) by
so that α is an action of N k on C 0 (Ω). Then α extends uniquely to an endomorphism α s of C b (Ω) satisfying (2.2).
Proof. First note that each α m is nondegenerate, i.e., α m (C 0 (Ω))C 0 (Ω) = C 0 (Ω). To see this, it is enough to show that for g ∈ C c (Ω) there is f ∈ C c (Ω) such that α(f )g = g. Since Θ m is continuous and g is compactly supported, the set Θ m (supp(g)) is compact. By Urysohn's Lemma for locally compact Hausdorff spaces, we may choose f ∈ C c (Ω) such that f | Θm(supp(g)) = 1. It follows that α m (f )g = g.
Since α m (C 0 (Ω))C 0 (Ω) = C 0 (Ω), the unique strictly continuous extension α m defined by α m (f ) = f • Θ m , for f ∈ C b (Ω) is unital (see [10, Proposition 1.1.13]) so that α m satisfies (2.2) as desired. It is straightforward to see that, for each m ∈ N k , L m is continuous, linear, and positive. We must show that L m is a continuous linear extension of L m satisfying (2.3). By an argument similar to the one above, we know that
where N m ∈ N is the uniform bound on the cardinality of the inverse image of
, and the inequality
holds for all x ∈ Ω. Taking the supremum over all x ∈ Ω gives that
Since L m is a linear map on a normed space, it follows that it is continuous. Now if f ∈ C 0 (Ω), g ∈ C b (Ω), and x ∈ Θ m (Ω), it follows that
It follows from Lemma 3.10 and Lemma 3.11 that (C 0 (Ω), N k , α, L) is an Exel-Larsen system. Examples 3.12.
(i) Let A = {0, 1, 2, 3} and define d :
It is straightforward to see that d is both progressive and regressive and hence the associated sliding block code τ d is a local homeomorphism that has uniformly bounded cardinalities on inverse images. Then (A N , {σ, τ d }) is a topological dynamical system that satisfies condition (UBC) as in Example 3.3 (iii). Define α :
) be the topological dynamical system as in Example 3.3 (iv). We may define the Exel-Larsen
where
Again regarding Λ ∞ as N k , it is straightforward to show that
The associated product systems
Associated to the topological k-graph Λ = (Λ(Ω,
Λ and X Lar respectively. We show in Theorem 4.4 that the two product systems are in fact isomorphic.
Definition 4.1. The topological k-graph correspondence associated to a topological k-graph Λ is the product system X Λ over N k of C 0 (Ω)-correspondences such that:
(i) For each m ∈ N k , X Λ m is the topological graph correspondence associated to the topological graph
In particular, X Λ m is a completion of C c ({m} × Ω) (see [11] for details) and the C 0 (Ω)-bimodule operations and C 0 (Ω)-valued inner product are given by
It is important to note that a topological k-graph correspondence is not a C * -correspondence, but is instead a product system over N k of C * -correspondences. We use the terminology topological k-graph correspondence to agree with the existing notions of graph correspondence (see [15] for example) and topological graph correspondence (see [11] ). The Cuntz-Pimsner algebras of a graph correspondence and a topological graph correspondence are isomorphic to the graph C * -algebra and topological graph C * -algebra, respectively. Similarly, a generalization of the Cuntz-Pimsner algebra of the topological k-graph correspondence is isomorphic to the topological k-graph C * -algebra (see [3, Theorem 5.20] ). Definition 4.3. The product system associated to the Exel-Larsen sys-
4.1. The isomorphism of product systems.
) be the associated topological k-graph, and let (C 0 (Ω), N k , α, L) be the associated ExelLarsen system. Then the topological k-graph correspondence X Λ is isomorphic to the product system X Lar associated to the Exel-Larsen system.
To show that the product systems are isomorphic we must show there is a map ψ :
m is a C 0 (Ω)-correspondence isomorphism that preserves inner product, and (ii) ψ respects the multiplication in the semigroups X Lar and X Λ . The following lemmas are helpful in proving our result.
Lemma 4.5. Let E = (E 0 , E 1 , r, s) be a topological graph such that the source map s : E 1 → E 0 has uniformly bounded cardinalities on inverse images. Then the associated graph correspondence
Proof. By [11, Lemma 1.6], C c (E 1 ) is dense in X E , hence X E ⊆ C 0 (E 1 ). For the reverse containment, let ξ ∈ C 0 (E 1 ). Since s : E 1 → E 0 has uniformly bounded cardinalities on inverse images, there is M ∈ N such that |{e ∈ E 1 : s(e) = v}| ≤ M for every v ∈ E 0 . To see that the map v → e∈s −1 (v) |ξ(e)| 2 is in C 0 (E 0 ), note that for v ∈ Ω there is a neighborhood V of v and finitely many open sets U e i such that s restricts to a homeomorphism from U e i onto V . It follows that v → e∈s −1 (v) |ξ(e)| 2 is a finite sum of continuous functions and is therefore in C 0 (E 0 ) and hence ξ ∈ X E .
, by Lemma 4.5 it is sufficient to show that f ∈ C 0 (E 
Hence ψ m (m, f )ψ n (n, g) = ψ n+m (n + m, f α m (g)) as desired.
Remark 4.7. We showed in Proposition 3.9 that the topological k-
) is compactly aligned. By [3, Proposition 5.15] , this happens if and only if X Λ is compactly aligned in the sense of Definition 3.6. In [19] , Willis shows that if k = 2, Ω is compact, and T 1 and T 2 * -commute (in the sense that whenever T 1 (x) = T 2 (y), there is a unique z ∈ Ω with T 1 (z) = y and T 2 (z) = x) then the product system X Lar constructed from the Exel-Larsen system (C(Ω), N 2 , α, L) is compactly aligned. Theorem 4.4 together with Proposition 3.9 then imply that Willis' result is true for arbitrary k ∈ N, locally compact Ω and that the * -commuting restriction may be lifted.
The Larsen crossed product and C * (Λ)
In this section, we show that the C * -algebras C * (Λ) and
Remark 5.1. In [20, Example 7.1(iii)], Yeend describes the associated topological k-graph C * -algebra in the case where the maps
are homeomorphisms. Surjectivity of the maps ensures that the associated topological k-graph Λ has no sources. As a result, the boundary path groupoid is amenable. Since the maps are homeomorphisms, there is an induced action α of Z k on C 0 (Ω) defined by
Yeend asserts that the topological k-graph C * -algebra is isomorphic to this crossed product. The main result in this section, Theorem 5.7, generalizes this to the setting where the maps are local homeomorphisms that are not necessarily surjective.
) be a topological dynamical system that satisfies condition (UBC) and let (C 0 (Ω), N k , α, L) be the ExelLarsen system described in Subsection 3.2. Let X Lar be the product system over N k of C 0 (Ω)-correspondences from Definition 4.3. Let K = {K m } m∈N k be the family of ideals defined by (2.4). Let ψ : X Lar → B be a (Toeplitz) representation of X Lar in a C * -algebra B. Then ψ is Cuntz-Pimsner covariant in the sense of (CP-K) if and only if it is coisometric on K.
Proof. In the proof of Lemma 3.10, α m (C 0 (Ω))C 0 (Ω) = C 0 (Ω) hence
Recall from the construction of X Lar in Definition 4.3 that the left action on each X Lar m is given by multiplication. Thus φ m is injective so that (ker φ m ) ⊥ = C 0 (Ω) and hence coisometric on K is equivalent to (CP-K).
) be a topological dynamical system satisfying condition (UBC) and let (C 0 (Ω), N k , α, L) be the Exel-Larsen system described in Subsection 3.2. Let X Lar be the product system over N k of C 0 (Ω)-correspondences from Definition 4.3. Then
Proof. Since a representation ψ : X → B is coisometric on K, where K = {K m } m∈N k is the family of ideals defined by (2.4), if and only if it is Cuntz-Pimsner covariant in the sense of (CP-K), it follows that j F ow : X Lar → O X Lar is coisometric on K and j Lar satisfies (CP-K). It follows from the universal properties of O X Lar and the Larsen crossed product C 0 (Ω)⋊ α,L N k that there are unique surjective homomorphisms
k are generated by j F ow and J Lar respectively, it follows that Π j Lar and Π j F ow take generators to generators and hence
We now show that for any representation ψ : X Λ → B, CuntzPimsner covariance in the sense of (CP-K) is equivalent to CNP-covariance. In order for CNP-covariance to make sense for a representation of X Λ , we must have that X Λ is compactly aligned. Recall that X Λ is the topological k-graph correspondence associated to the topological k-graph Λ = (Λ(Ω, Θ), d) which we showed in Proposition 3.9 is compactly aligned. By [3, Proposition 5.15 ], since Λ is compactly aligned, so is
) be a topological dynamical system and let Λ be the associated topological k-graph. Let X Λ be the topological k-graph correspondence. Let ψ : X Λ → B be a (Toeplitz) representation of X Λ in a C * -algebra B. Then ψ is Cuntz-Pimsner covariant in the sense of (CP-K) if and only if it is CNP-covariant.
We would like to apply [17, Corollary 5.2 ] to obtain the desired result. In order to do so, we need to establish that the left action on each fibre is by compact operators. Since Ω is a locally compact space, every point v ∈ Ω has a compact neighborhood V . The range map is given by projection onto Ω so that r It follows that ψ is CNP-covariant if and only if ψ satisfies (CP-K).
Corollary 5.6. Let (Ω,
) be a topological dynamical system and let Λ be the topological k-graph described in Subsection 3.1. Let X Λ be the associated topological k-graph correspondence as in Definition 4.1.
Proof. Since a representation ψ : X Λ → B is Cuntz-Pimsner covariant in the sense of (CP-K) if and only if it is CNP-covariant, it follows that j F ow : X Λ → O X Λ is CNP-covariant and j CN P satisfies (CP-K). It follows from the universal properties of O X Λ and N O X Λ that there are unique surjective homomorphisms
such that j CN P = Π j CNP • j F ow and j F ow = Π j F ow • j CN P . Since O X Λ and N O X Λ are generated by j F ow and j CN P respectively, it follows that Π j CNP and Π j F ow take generators to generators and hence
) be a topological dynamical system satisfying condition (UBC). Let C 0 (Ω)⋊ α,L N k be the Larsen crossed product and C * (Λ) be the topological k-graph C * -algebra associated to (Ω,
Proof. By Example 5.8. It is known that C * (Ω k ) ∼ = K(ℓ 2 (N k )). The result above, together with our description of the Exel-Larsen system (C 0 (N k ), N k , α, L) as in Example 3.12 (ii) gives that K(ℓ
